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^ \ Abstract 

O ■ We consider the model checking problem for Process Rewrite Systems (PRSs), 

an infinite-state formalism (non Turing-powerful) which subsumes many common 
models such as Pushdown Processes and Petri Nets. PRSs can be adopted as for- 
mal models for programs with dynamic creation and synchronization of concurrent 
processes, and with recursive procedures. The model-checking problem for PRSs 
and action-based linear temporal logic (ALTL) is undecidable. However, decidability 
for some interesting fragment of ALTL remains an open question. In this paper we 
state decidability results concerning generalized acceptance properties about infinite 
derivations (infinite term rewriting) in PRSs. As a consequence, we obtain decid- 
ability of the model-checking (restricted to infinite runs) for PRSs and a meaningful 
fragment of ALTL. 

■ i 

Keywords: Infinite-state systems, process rewrite systems, petri nets, pushdown 
■ processes, model checking, action-based linear temporal logic. 



1 Introduction 

Automatic verification of systems is nowadays one of the most investigated topics. A major 
difficulty to face when considering this problem is that reasoning about systems in general 
may require dealing with infinite state models. Software systems may introduce infinite 
states both manipulating data ranging over infinite domains, and having unbounded con- 
trol structures such as recursive procedure calls and/or dynamic creation of concurrent 
processes (e.g. multi-treading). Many different formalisms have been proposed for the de- 
scription of infinite state systems. Among the most popular are the well known formalisms 
of Context Free Processes, Pushdown Processes, Petri Nets, and Process Algebras. The 
first two are models of sequential computation, whereas Petri Nets and Process Algebra 
explicitly take into account concurrency. The model checking problem for these infinite 
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state formalisms have been studied in the literature. As far as Context Free Processes 
and Pushdown Processes are concerned, decidability of the modal /i-calculus, the most 
powerful of the modal and temporal logics used for verification, has been established (see 
00HH1HI1HB!)- I n [BUHIE], model checking for Petri nets has been studied. The branch- 
ing temporal logic as well as the state-based linear temporal logic are undecidable even for 
restricted logics. Fortunately, the model checking for action-based linear temporal logic 
(ALTL) [HI 13 113 is decidable. 

Verification of formalisms which accommodate both parallelism and recursion is a chal- 
lenging problem. In order to formally study this kind of systems, recently the formal 
framework of Process Rewrite Systems (PRSs) has been introduced ^2j- This framework 
(non Turing-powerful), which is based on term rewriting, subsumes many common infinite 
states models such us Pushdown Processes and Petri Nets. PRSs can be adopted as for- 
mal models for programs with dynamic creation and (a restricted form of) synchronization 
of concurrent processes, and with recursive procedures. The decidability results already 
known in the literature for the general framework of PRSs concern reachability analysis 
[T2*] and symbolic reachability analysis [3J E] . Unfortunately, the model checking of action- 
based linear temporal logic becomes undecidable ^] . It remains undecidable even for 
restricted models such as PA processes pQ. However, decidability for some interesting frag- 
ment of ALTL and the general framework of PRSs remains an open question. 

Our contribution: In this paper we state a decidability result concerning generalized accep- 
tance properties about infinite derivations (infinite term rewriting) in PRSs. In order to 
formalize these properties we introduce the notion of Multi Biichi Rewrite Systems (MBRS) 
that is, informally speaking, a PRS with a finite number of accepting components, where 
each component is a subset of the PRS. Moreover, as a consequence of our decidability 
result, we obtain decidability of the model checking (restricted to infinite runs) for PRSs 
and a meaningful fragment of ALTL. Within this fragment we can express important 
classes of properties like invariant, as well as strong and weak fairness constraints. 

Plan of the paper: In Section 2, we recall the framework of Process Rewrite Systems 
and ALTL logic. In Section 3, we introduce the notion of Multi Biichi Rewrite System, 
and show how our decidability result about generalized acceptance properties of infinite 
derivations in PRSs can be used in model-checking for a meaningful ALTL fragment. In 
Section 4, we prove our decidability result. Several proofs are omitted for lack of space. 
They can be found in the extended version of this paper. 

Related Work: Our decidability result extends one stated in [5], regarding classical ac- 
ceptance properties (a la Biichi) of derivations in PRSs. In particular, our ALTL fragment 
is strictly more expressive (and surely more interesting in the applications) than one con- 
sidered in jS]. 
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2 Preliminaries 



2.1 Process Rewrite Systems 

Definition 2.1 (Process Term). Let Var = {X, Y, . . .} be a finite set of process variables. 
The set of process terms t over Var, denoted by T, is defined by the following syntax: 

t ::= e | X | t.t \ t\\t 

where X G Var, e denotes the empty term, "\\" denotes parallel composition, and "." 
denotes sequential composition. 

We always work with equivalences classes of process terms modulo commutativity and 
associativity of "||", and modulo associativity of Moreover e will act as the identity 
for both parallel and sequential composition 1 . 

Definition 2.2 (Process Rewrite System). A Process Rewrite System (or PRS, or 
Rewrite System) over a finite alphabet of atomic actions E and the set of process variables 
Var is a finite set of rewrite rules KCTxExT of the form t A t! , where t (^ e) and t' 
are terms in T, and a G S. 

A PRS 3? over Var and the alphabet £ induces a labelled transition system (LTS) over 
T with a transition relation -^CTxExT that is the smallest relation satisfying the 
following inference rules: 

(tAt')e9« tiAti txAt; ^At; 

tAf fipAi'ji * || *i * || *i t.ti^t.t[ 

where t,t' ,t\,t\ are process terms and a G S. 

In similar way we define for every rule r G 3? the notion of one-step derivation by r relation, 
denoted by A r 

A pat/i in 3? from t £ ^ is a (finite or infinite) sequence of LTS edges of the form 
to A ti, t± A ti, ■ ■ ., denoted by t A ti A t 2 A .... A ran in 3? from t is a maximal path 
from to, i.e. a path from to which is either infinite or has the form to At! A... A 1 t n 
and there is no edge t n — >t G — >, for any a G £ and t G T. We write runs^(to) (resp., 
runssR jOQ (to)) to refer to the set of runs (resp., infinite runs) in 3? from t , and runs^R) to 
refer to the set of all the runs in 3?. 

A finite derivation in 3? from a term t to a term t' (through a finite sequence a = 
r\ri . . . r n of rules in 3?), is a sequence d of one-step derivations of the form t =\ £i, ^i =^ 
t 2r . . , t n -i =^ t n , with to = t and t n = t , and it is denoted by to A K ti A^ t 2 . . . t„_i A w t n . 
The derivation d is a n-step derivation (or a derivation of length n), and for succinctness 
is also denoted by t A* t'. Moreover, we say that t' is reachable in 3? from the term t 
(through derivation d). If a is empty, we say that d is a null derivation. 

1 When we look at terms we think of it as right-associative. So, when we say that a term has the form 
t\.t2, then we mean that t\ is cither a single variable or a parallel composition of process terms. 
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An infinite derivation in 3? from a term to (through an infinite sequence a = r±T2 ... of 
rules in 3?), is an infinite sequence of one step derivations of the form t =k- R £ 1( ti =%- u £ 2 , ■ ■ ., 
denoted by to =4^ t\ ^ £ 2 For succinctness such a derivation is also denoted by to =§v 

For technical reasons, we shall also consider PRSs in a syntactical restricted form called 
normal form 12 j. A PRS dt is said to be in normal form if every rule r G 3? has one of the 
following forms: 

PAR rules: Ai||A 2 . . .\\X P A y||y 2 • • -||^ where p G A \ {0} and q G A. 
SEQ rules: A A y.Z or X.Y A Z or A A y or A A e . 

with A, y, Z, Aj, Y,- G Var. A PRS where all the rules are SEQ (resp., PAR) rules is called 
sequential (resp., parallel) PRS. 

2.2 ALTL (Action-based LTL) 

Given a finite set £ of atomic actions, the set of formulae <p of ALTL over £ is defined as 
follows: 

tp ::= true \ -i(p | tp A tp | (a)y? | 

where a G E, (a)<£> denotes the one-step next operator, and U denotes the strong until 
operator. We also consider the derived operators Ftp := trueU tp (" eventually tp") and its 
dual Gtp := -iF-np (" always if"). 

In order to give semantics to ALTL formulae on a PRS^t, we need some additional notation. 
Given a path tt = to ^ t\ — * £ 2 ~^ • • • i n ^> 71-4 denotes the suffix of 7r starting from the 
2-th term in the sequence, i.e. the path £ f -A £ i+1 .... If the path tt is non-trivial (i.e., 
the sequence contains at least two terms) we denote the first action a Q by firstact(ir). 

ALTL formulae over a PRS 3? are interpreted in terms of the set of the runs in 3? 
satisfying the given ALTL formula. The denotation of a formula tp relative to 3?, in symbols 
[[</?]]&, is defined inductively as follows: 

• [[£r«e]]sR = runs(JR), 

• [h¥>]]s = runsffi) \ [[ip]]x, 

• [[<pi A (f 2 ]h = [[<pi]]n n [[<P2]]x, 

• [[(a)y]]sR = {tt G runsiJR) \ firstact(ir) = a and n 1 G [[<£>]] sr}, 

• [[tpiU (^ 2 ]]sr = {vr G runsijk) | for some z > -k 1 G [[^2]]^ and 

for all j <i 7r J G [[^i]]« }• 

For any term £ G T and ALTL formula we say that £ satisfies tp (resp., satisfies (p 
restricted to infinite runs) (w.r.t 3?), in symbols £ |=sr tp (resp., £ |=sr,oo V 9 ); if runs$t(t) C 
[[<?]]» (resp., rans Ri00 (£) C [[<£>]]«)■ 
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The model-checking problem (resp., model-checking problem restricted to infinite runs) 
for ALTL and PRSs is the problem of deciding if, given a PRS 3ft, an ALTL formula ip and 
a term t of 3ft, t \=sr ip (resp., t |=sr.oo <p)- The following is a well-known result: 

Proposition 2.1 (see p?l HI D-2J ) . The model-checking problem for ALTL and parallel 
(resp., sequential) PRSs, possibly restricted to infinite runs, is decidable. 

3 Multi Biichi Rewrite Systems 

Definition 3.1 (Multi Biichi Rewrite System). A Multi Biichi Rewrite System (MBRS) 
(with n accepting components) over a finite set of process variables Var and an alphabet 
£ is a tuple M = (3ft, (9ft^, . . . , 9ft„)}, where 3ft is a PRS over Var and E ; and for all 
i = 1, . . . , n %tf C 9ft. 3ft is called the support o/ M. 

In the definition above, if n — 1, then M is also called Biichi Rewrite System (BRS) 

and every rule r G 3ftf is called accepting rule of M. 
We say that M is a MBRS in normal form (resp., sequential MBRS, parallel MBRS) if 
the underlying PRS 3ft is in normal form (resp., is sequential, is parallel). 
For a rule sequence a in 3ft the finite maximal of a as to M, denoted by T^ M (a), is the 
set {i G {1, . . . , n}\ a contains some occurrence of rule in 3ftf }. The infinite maximal of a 
as to M, denoted by T^(cx), is the set {i G {1, . . . , n}\ a contains infinite occurrences of 
some rule in 3ft^}. Given K, K u C {1, . . . , n} and a derivation t we say that t =5** is a 
(K, K^) — accepting derivation in M if T^ M (a) = K and T^(cr) = K w . 
For all n G iV \ {0} let us denote by P n the set 2^ 1, ---' n ^ (i.e., the set of the subsets of 
{l,...,n}). 

3.1 Model-checking of PRSs 

The main result of the paper concerns the decidability of the following problem: 

Problem 1: Given a MBRS M = (3ft, (3ft^, . . . , 3ft^)) over Var and the alphabet E ; given a 
process term t and two sets K, K u G P n , to decide if there exists a (K, K w ) -accepting 
infinite derivation in M from t. 

Without loss of generality we can assume that the input term t in Problem 1 is a process 
variable in Var. In fact, if t ^ Var, then, starting from M, we construct a new MBRS M' 
by adding a new variable X and a rule of the form X — > t whose finite maximal as to M' 
is the empty set. 

Before proving the decidability of Problem 1 in Section we show how a solution to 
this problem can be effectively exploited for automatic verification of some meaningful 
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(action-based) linear time properties of infinite runs in PRSs. In particular, we consider 
the following ALTL fragment 

if ::= Ftp | GFip \ -up \ (p A cp (1) 

where ip denotes an ALTL propositional formula 2 . For succinctness, we denote an ALTL 
propositional formula of the form <a> true (with a G S) simply by a. 
Within this fragment, property patterns frequent in system verification can be expressed. 
In particular, we can express safety properties (e.g., Gipi), guarantee properties (e.g., 
Fipi), obligation properties (e.g., Fipi —>■ F ip 2 , or Gipi — ► Gip 2 ), response properties 
(e.g., GFipi), persistence properties (e.g., FGipi), and finally reactivity properties (e.g., 
GFipi — > GFip 2 )- Notice that important classes of properties like invariants, as well as 
strong and weak fairness constraints, can be expressed. 

In order to prove decidability of the model-checking problem restricted to infinite runs for 
this fragment of ALTL we need some definitions. Given a propositional formula ip over S, 
we denote by [[ip]]z the subset of S inductively defined as follows 

• for all a G £ [[°]]e = { a }, 

. [Hfl] s = s \ Mh, 

• [[V»iA^]]e = Me n [[V 2 ]]e- 

Evidently, given a Pi?^ K over E, an ALTL propositional formula ip and an infinite run 
7r of 3?, we have that n G [[^]]sr iff firstactiji) G [[^Us- Given a rule r = t— G 5i, we 
say that r satisfies ip if a G [[^js- We denote by ACsr(^) the set of rules in 3? that satisfy ■?/>. 

Now, we can prove the following result 

Theorem 3.1. The model- checking problem for PRSs and the fragment ALTL re- 
stricted to infinite runs, is decidable. 

Proof. Given a PRS dt, a process term t and a formula ip belonging to ALTL fragment (0), 
we have to decide if t |=sr )00 <p or, equivalently, if there exists an infinite run n G runs^ t00 (t) 
satisfying the formula ~^p. 

Let us consider the derived operator F + p := Fp A ->GFp. Pushing negation inward, and 
using the following logic equivalences 

• Gpi A Gp 2 = G(pi A p 2 ) 

• ->F(pi = G-itpi 

• -<Gpi = F—npi 

• Fp x = F + px V GFp x 

2 The set of ALTL propositional formulae ip over the set E of atomic actions is denned as follows: 
tp ::=<a> true \ip A ip \ ->ip (where a G S) 



6 



• FG(f! = F+-k/?i V Gtpx 
formula ->(p can be written in the following disjunctive normal form 

-v = V ( A A A GF ^ A G ( 2 ) 

i j k 

where ipj, and ( are ALTL propositional formulae. Evidently, we can restrict ourselves 
to consider a single disjunct in (j2J). In other words, our starting problem is reducible to 
the problem of deciding, given a formula having the following form 

F + tfj 1 A ... A F + i) mi A GFrji A ... A GFr] m , 2 A G( 3 (3) 

if there exists an infinite run n G runssR tOD (t) satisfying formula (jHJ). 

Let us consider the MBRS in normal form M = (3ft, {3lf, ■ ■ ■ , 9^)) where n = mi + m 2 + 1 
and 

for alH = 1, . . . , mi "Rf = AC^(ipi) 
for all j = 1, ... , m 2 ^f +mi = AC ^{Vj) 

Let K — {1, . . . , mi + m 2 } and K w = {mi + 1, . . . , mi + m 2 }. It is easy to show that there 
exists a run 7r G runs^ >(yo {t) satisfying formula (jSJ) iff there exists a (if, i^)-accepting 
infinite derivation in M from £. By the decidability of Problem 1, we obtain the assertion. 

□ 

4 Decidability results on MBRSs 

In this section we prove the main result of the paper, i.e. the decidability of Problem 1 
defined in Subsection 13.11 We proceed in two steps. First, in Subsection 14.11 we decide 
the problem for the class of MBRSs in normal form. Then, in Subsection 14.21 we extend 
the result to the whole class of MBRSs. For the proof we need some preliminary results, 
represented by the following Propositions I4.1H4.31 that easily follow from the decidability 
of ALTL model-checking problem for parallel (resp., sequential) PRSs (see Proposition 
mi- 
Proposition 4.1. Given a parallel MBRS M P = (fft P , (3^ x , . . . ,9fc£ n )) over Var, given 
two variables X, Y G Var and K G P n , it is decidable whether there exists a finite derivation 
in 3ftp starting from X (resp., of the form X =>f Xp Y , of the form X =§>*^ e, of the form 

X4^ p t\\Y with \a\ > 0) such that T f Mp (a) = K. 
3 ipj, r\k and £ are ALTL propositional formulae 
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Proposition 4.2. Let us consider two parallel MBRSs Mp 1 = (dtp, (dtp 1( . . . , dtp n )) and 

Mp 2 = (3?p, (3?p 2 x,..., dtp n )) over V^ar, and wnta i/ie same support dtp. Given a variable 
X G yar, two seis i^, if" G P n , and a subset dtp of dtp it is decidable whether there exists a 
derivation in dtp of the form X =>t Rp such that T{ Ip (a) = K , T^ p ^ (a) U (a) = i^, 
and cr is either infinite or contains some occurrence of rule in dtp \ dtp. 

Now, let us give an additional notion of reachability (for variables) in sequential PRSs. 

Definition 4.1. Given a sequential PRS dts over Var, and X, Y G Var, Y is reachable 
from X in dts if there exists a term t of the form Xi.X 2 . . . . X n .Y such that X =^* s t. 

Proposition 4.3. Let us consider a sequential MBRS Ms = (dts, (dtg 1( . . . , dt§ n )) over 
Var. Given two variables X, Y G Var and two sets K,K U G P n , it is decidable whether 

1. Y is reachable from X in dts through a derivation having finite maximal K as to Ms- 

2. There exists a (K, K u )- accepting infinite derivation in Ms from X. 

4.1 Decidability of Problem 1 for MBRSs in normal form 

In this subsection we prove the decidability of Problem 1 restricted to the class of MBRSs 
in normal form. We shall use the following result stated in [S]. 

Theorem 4.1 (see |5j). Given a BRS M = (dt, dtp) in normal form and a process variable 
X it is decidable whether there exists an infinite derivation in dt from X of the form X =?>* 
such that o does not contain occurrences of accepting rules. 

Let M = (dt, (dtf, . . . , dt^)) be a MBRS in normal form over Var and the alphabet 
S, and K and K u be elements in P n . Given X G Var, we have to decide if there exists 
a (K, i^ w )-accepting infinite derivation in M from X. The proof of decidability is by 
induction on \K\ + {K^l. 

Base Step: \K\ = and \K U \ = 0. Let M F = (dt,dt F ) be the BRS with dtp = (JUi^f- 
Given an infinite derivation X in dt from a variable X, then this derivation is (0, 0)- 
accepting in M if, and only if, it does not contain occurrences of accepting rules in Mp. 
So, the decidability result follows from Theorem 14.11 

Inductive Step: \K\ + \K U \ > 0. By the inductive hypothesis, for each K' C K and 
K' w C K w with \K'\ + \K /UJ \ < \K\ + \K W \ the result holds. Starting from this assumption 
we shall show that Problem 1, with input the sets K and K u , can be reduced to (a 
combination of) two similar, but simpler, problems (that are decidable): the first (resp., 
the second) is a decidability problem on infinite derivations of parallel (resp., sequential) 
MBRSs. Before illustrating our approach, we need few additional definitions and notation. 

Remark 4.1. Since M is in normal form we can limit ourselves to consider only terms t, 
called terms in normal form, defined as t ::= X | t\\t | X.t (where X G Var). In fact, given 
a term in normal form t, each term t' reachable from t in M is still in normal form. 
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In the following, M P = (3? P , (Up A , 3?pJ) denotes the restriction of M to the PAR 
rules, i.e. 3? P (resp., 3?^ for % — 1, . . . , n) is the set 3? (resp., 3?f for 2 = 1, . . . , n) restricted 

to the PAR rules. Moreover, we shall use two new variables Z P and Z^, and denote by T 
(resp., Tpar, Tseq) the set of process terms in normal form (resp., in which no sequential 
composition occurs, in which no parallel composition occurs) over Var U {Z F , Z^}. 

Definition 4.2 (Subderivation). Let t 4>* t||(X.s) be a derivation in 3? from t G T. 
The set of the subderivations d! of d = (t||(X.s) from s is inductively defined as follows: 

1. if d is a null derivation or s = e or d is of the form t\\(X.Z) =^ t\\Y (with 
r = X.Z-^Y and s = Z E Var), then d! is the null derivation from s; 

2. if d is of the form t\\(X.s) ^\ t\\(X.s') {with s ^\ s') and s' is a subderivation 
oft\\(X.s') ^^from s' , then s =^ s' is a subderivation of d from s; 

3. if d is of the form t\\{X.s) =$- x t'\\{X.s) =>* (with t =\t'), then every subderivation of 
t'\\(X.s) from s is also a subderivation of d from s. 

Moreover, we say that d' is a subderivation oft 4>* t||(A.s) 

Given a rule sequence a in 3?, and a subsequence a' of a, o~\o~' denotes the rule sequence 
obtained by removing from a all and only the occurrences of rules in a'. 
Let us denote by ^par oo ^ ne se ^ °f derivations d in 3? such that there does not exist a 
subderivation of d that is a (K, /^-accepting infinite derivation in M. 
Let us sketch the main idea of our technique. At first, let us focus on the class of derivations 
^-p'ar,oo- Let p be a (K, ^K^-accepting derivation in M belonging to np*^ with 
p G Tpar, K C K and TY^ C K w . The idea is to mimic this derivation by using only 
PAR rules belonging to extensions of the parallel MBRS Mp. If a contains only PAR 
rule occurrences, then p 4>* is a (K, K )-accepting derivation in the parallel MBRS M P . 
Otherwise, p can be written in the form: 

p A* u p\\X \p\\(Y.Z) (1) 

where r = X-^Y.Z, A contains only occurrences of PAR rules in 3?, p G T PAR and X, Y, Z G 
Var. Let Z 4>* be a subderivation of p\\ (Y.Z) 4* from Z. By the definition of subderivation 
only one of the following four cases may occur: 

A Z 4>* is finite and p 

B Z4>* leads to the term e, and p is of the form p 4>£ p\\X \ p\\ (Y.Z) ^t\\Y 
where p is a subsequence of lo\ and p t. 
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C Z leads to a variable W £ Var, and p can be written as 



p A^p\\X \P\\(Y.Z) %t\\(Y.W) \t\\W ^ (2) 
where r' = Y.W^W (with W £ Kar), p is a subsequence of uj\ and p =>- £ t. 



D Z =^>* is infinite, and p 



Cases A, B and C are similar, so for brevity we examine only cases C and D. At first, let 
us consider case C. The derivation in equation © is (A, A )-accepting if, and only if, the 
following derivation, obtained by anticipating the application of the rules in p before the 
application of the rules in £ = oj\ \ p, is (A, A )-accepting 



V 



Mm \P\\(Y.Z) ^p\\(Y.W) ^p\\W A*t\\W> ^ (3) 



The idea is to collapse the finite derivation X Y. Z =4>* Y. W =\ W into a single PAR 

rule of the form r" = X^W where A' = T M (rr'p) C A. So, the label of r" keeps track of 
the finite maximal of rr'p in M. Now, we can apply recursively the same reasoning to the 

derivation in !ft from p\\W £ Tpar given by p\\W 4>jjj t\\W which belongs to ITp^^ 
and whose finite (resp., infinite) maximal as to M is contained in A (resp., K u ). Now, 
let us consider case D. Since p ^* belongs to IIp^^, we have that T M (p) — K\ C A, 
Tfj(p) = Ky C A", T{ f (r) = A 2 C A, T~(r) = and |Ax| + |A^| < |A| + \K U \. From 
our assumptions (inductive hypothesis) it is decidable whether there exists a (Ai,A^)- 
accepting infinite derivation in M from variable Z. Then, we keep track of the infinite rule 

K' » 

sequence rp by adding a PAR rule of the form r' = X A 1 with A' = Ai U A 2 . So, the 
label of r' keeps track of the finite and infinite maximal of rp in M. Now, we can apply 

recursively the same reasoning to the derivation p||Zoo in 3? from p||Zoo £ Tpar, which 
belongs to ^p'aroo and whose finite (resp., infinite) maximal as to M is contained in A 
(resp., A w ). 

In other words, all sub derivations in p are abstracted away by PAR rules not 
belonging to 5i, according to the intuitions given above. 

For keeping track of the finite sub derivations of the forms A, B and C, we define a first 
extension of the parallel MBRS Mp in the following way. 

Definition 4.3. The MBRS Mp AR = (^p AR A^par,v ■ ■ ^par,u)) is the least parallel 
MBRS with n accepting components, over Var U {Zp} and the alphabet E = E U P n 4 , 
satisfying the following properties: 



1- ^par 2 and ^p'^Ri 2 ^ii for all i = 1, 



let us assume that EnP„ 
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2. Let r = X-^Y.Z G 3ft, Z =>* K p for some term p (resp., Z =§** K s), and K' 



K PAR 



rUr) U T{ rK (a). If K' C K, then r' = X^Z F G 3ftf Ai? {resp., r' = X^Y G 



J PAJ? 

3ft£ AH ) and T f MK (r') = A'. 



5. Let r = X^Y.Z G 3ft, r' = Y.W^W E % Z ^* K W, and K' = T f M {rr') U 
T{. K (a). // A' C A", t/ien r" = X^W G 3ftf A/? and T{ rK (r") = K' . 

PAR ' PAR. 

Lemma 4.1. The parallel MBRS M RAR = (3ftp AR , (3ftp^p_ 1 , . . . , 3ftp^, n )) can be effectively 
constructed. 

Proof. Figure □ reports the procedure BUILD-PARALLEL-MBRS (M,K), which, start- 
ing from the MBRS M (in normal form) and the set A G P n , builds the parallel MBRS 
Mg AR = (3ftf A p, (?Hp' AR1 , . . . , 3ftp^p n )). The algorithm uses the routine UPDATE(r', A') 
that is defined as follows: 

for each i G A' do Sftp^ := Sftpf^ U {/}; 

Notice that by Proposition 14.11 the conditions in each of the if statements in lines 7, 9 
and 13 are decidable, therefore, the procedure is effective. Moreover, since the set of rules 

K' 

of the form X— >Y with X G Var, Y G Var U {Zp} and A' G P n is finite, termination 
immediately follows. 

□ 

In order to simulate infinite sub derivations of the form D, we need to add additional PAR 
rules in M RAR . The following definition provides an extension of M RAR suitable for our 
purposes. 

Definition 4.4. By M R f R = {^f AR , {^ar^, • • • , ^p'ar,u)) and 

Mpar oc = (^p'ar ) (^p'ar ood ■ ■ ■ i ^moon)) we denote the parallel MBRSs over Var U 
{Z F , Zoo} and the alphabet S U P n U P n x P n (with the same support), defined by M and 
Mp AR in the following way: 

• ^PAR — ^PAR u 

{X K 4 Zoo | A C A, iT C A w , inere ea^s a ru/e r = A A y.Z G 3ft 
and an infinite derivation Z suc/i taat 
\T f M (a)\ + \T%{a)\ < \K\ + \K U \ and 
T f M (a) U T f M (r) = A and T£(<r) = iT} 

• ^PAR,i A = ^PAR,i u ^oo G 3ftp^ | % G A} for all i = 1, . . . ,n 
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Algorithm BUILD-PARALLEL-MBRS (M,K) 
1 ^ AR := 

2fori = l,...,ndo ^ A pA R y-=H,v 

3 repeat 

4 flag := false; 

5 for each r = lAy.Z <G ift and K\ Q K such that T f M (r) C K do 

6 Sei K' = K 1 \J T f M (r); 

7 if Z K p for some p such that K (a) = K\ then 



PAR 1V1 PAR 

8 if r' = X^iz F <£ ^ AR then UPDATE (r\ K'); flag:=true; 

9 if Z =4>* „ e such that T{ K (a) = K\ then 

>X PAR PAR 

10 if r' = X^Y £ ^p AR then UPDATE(r', K'); flag:=true; 

11 for each r' = Y.W-^W e 5? suc/i i/ict* T^(r') C K do 

12 Sei K' = Kx U T^(rr'); 

13 if Z^-* W sucft too* T{ K (a) = then 

K PAR PAR 

14 if r" = X^W' £ ^f AR then UPDATE(r" , K')\ flag:=true; 

15 until flag = false 

Figure 1: Algorithm to build the parallel MBRS Mf AR . 

• ^PAR,lio = {X ^ Zoo E ^par \ i e ^} for alii = l,...,n 

By the inductive hypothesis on decidability of Problem 1 for sets K', K ,<jj e P n such that 
K' C X, fsT' w C if" and + < \K\ + it follows that 

Lemma 4.2. M RA K R and Mp' ARoo can he built effectively. 

The following two lemmata establish the validity of our construction. 

Lemma 4.3. Let p be a (K , K^)- accepting derivation in M belonging to ^-p'aroc w tth 
p G Tpar, K C K and ~IC C . Then, there exists in "^>' AR a derivation of the form p 
^* KK u such that T{ . K , KU (p) = K and T°V K u(p) U X{ k ^ (p) =K U . Moreover, if a 

U PAR 1Vl PAR. 1V1 PAR M PAR,oc 

is infinite, then p is either infinite or contains some occurrence of rule in ^,' AR \ ^-par- 
Lemma 4.4. Letp =>* K KW withp £ T P ar. Then, there exists in$t a derivation of the form 

X PAR 

p =^>* such that T f M (8) = T f KKU (a) andT^(5) =T°° KiKU (a) U T f KKU (a). Moreover, if 

PAR PAR M PAR,oo 

a is either infinite or contains some occurrence of rule in ^p'ar \ &par> then 5 is infinite. 

Now, let us go back to Problem 1 and consider a (K, /^-accepting infinite derivation 
in M from a variable X of the form X and non belonging to np' AR oo . In this case, the 
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derivation X can be written in the form X £||(y.Z) =^>*, with Z E Var, and such 
that there exists a subderivation of t\\ (Y.Z) =^>* from Z that is a (K, f^)-accepting infinite 
derivation in M. In order to manage this kind of derivation, we build, starting from the 
MBRSs M and Mp AR , a sequential MBRS M$ E q according to the following definition: 

Definition 4.5. By M$ E q = {$tg E Q, ffisEQV ■ ■ ■ j ^sequ)) we denote the sequential MBRS 
over Var and the alphabet E = £ U P n defined as follows: 

• ^se Q = {X^Y.Z eU}u 

K' a 

{X — >Y I 1,F 6 Var, K' C. K and there exists a derivation X K p \\ Y 

^PAR 

in $tp AR for some p E Tpar, with \a\ > and Ti K (a) = K'\ 

PAR 

• ft^. = {x^y.Z E U {X^Y E ^§ EQ \ %EK'} for alii = 1, . . . , n 
By Proposition 14. II we obtain the following result 

Lemma 4.5. M$ E q can be built effectively. 

Soundness and completeness of the procedure described above is stated by the following 
two theorems. 

Theorem 4.2. Let K ^ K w . Given X E Var, there exists a (K, K w )- accepting infinite 
derivation in M from X if, and only if, the following property is satisfied: 

• There exists a variable Y E Var reachable from X in 9?fpQ through a (K',0)- 
accepting derivation in M§ E q with K' C K, and there exists a derivation Y K KW 

^PAR 

such that T K KU (p) = K and Y°° KiKU , (p) U T* 

k k» (p) — K u . Moreover, p is either 

PAR PAR M PAR,oe 

infinite or contains some occurrence of rule in ^p'ar \ ^par- 



Theorem 4.3. Let K = K w . Given X E Var, there exists a (K, K^)- accepting infinite 
derivation in M from X if, and only if, one of the following conditions is satisfied: 

1. There exists a variable Y E Var reachable from X in Kfpg through a (K',0)- 
accepting derivation in M^ E q with K' C K , and there exists a derivation Y =^* K KU 

^ PAR 

such that kk^{p) = K and T°° K KU (p) U K KU > (p) =K ui . Moreover, p is either 

M PAR M PAR M PAR,oo 

infinite or contains some occurrence of rule in ^p'ar \ ^-par- 

2. There exists a (K, K w )- accepting infinite derivation in M^ E q from X. 

These two results, together with Propositions 14.21 and 14. 3| allow us to conclude that 
Problem 1 restricted to the class of MBRSs in normal form is decidable. 
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4.2 Decidability of Problem 1 for unrestricted MBRSs 



In this section we extend the decidability result stated in the previous Subsection to the 
whole class of MBRSs, showing that Problem 1 for unrestricted MBRSs is reducible to 
the Problem 1 for MBRSs in normal form. We use a construction very close to one used 
in to solve the reachability problem for PRSs. Remember that we can assume that 
the input term in Problem 1 is a process variable. 

Let M be a MBRS over Var and the alphabet E, and with n accepting components. Now, 
we describe a procedure that transforms M into a new MBRS M' with the same number 
of accepting components. Moreover, this procedure has in input also a finite set of rules 
^■aux, and transforms it in ^t' AUX - If M is not in normal form, then there exists a rule in 
M that is neither a PAR rule nor a SEQ rule. We call such rules bad rules There are 
five types of bad rules 5 : 

1. The bad rule is r = u-^ui\\u 2 . Let Z±, Z 2l W be new variables (non belonging to Var). 
We get M' replacing the bad rule r with the rules r' = u^W, r% = W^Zi\\Z 2 , r\ = 
Z\-^u x , r 2 = Z 2 -^u 2 such that T f M ,(r') = T f M (r), Tj^ri) = T f M ,(r 2 ) = Y f M ,(r 3 ) = 0. 
If r G 9t A ux, then W AUX = {U AUX \ {r}) U {r', n, r 2 , r 3 }. Otherwise, W AUX = $t A ux- 

2. The bad rule is r = Ui\\(u 2 .U3)— >u. Let Zi, Z 2 be new variables. We get M' replacing 
the bad rule r with the rules r\ = Ux—*Z\, r 2 = u 2 .u^Z 2 , r' = Zi\\Z 2 —*u such that 
T f MI {r') = T f M (r), T f M ,{ n ) = T f M ,(r 2 ) = 0. If r G K AUX , then W AUX = (M AUX \ 
{r}) U {r',r 1 ,r 2 }. Otherwise, W AUX = ^aux- 

3. The bad rule is r = u-^>u\.u 2 (resp., r = u\.u 2 -^>u) where u\ is not a single variable. 
Let Z be a new variable. We get M' and ^ Aux in two steps. First, we substitute Z 
for u\ in (left-hand and right-hand sides of) all the rules of M and ^Iaux- Then, we 
add the rules 7*1 = Z^u\ and r 2 = U\— >Z such that T{ f ,(ri) = T M ,{r 2 ) = 0- 

4. The bad rule is r = u\-^X.u 2 where u 2 is not a single variable. Let Z, W be new 
variables. We get M' replacing the bad rule r with the rules r' = Ui—>W, r\ = 
W^X.Z, r 2 = Z^u 2 such that T f M ,(r') = T f M (r) and T f M ,{r x ) = T f M ,(r 2 ) = 0. If 
r E $t A ux, then W AUX = ($t A ux \ {r}) U {r' ) r 1) r 2 }. Otherwise, fRf AUX = ^aux- 

5. The bad rule is r = X.u\-^>u 2 where u\ is not a single variable. Let Z be a new 
variable. We get M' replacing the bad rule r with the rules r\ = Ui—*Z, r' = 
X.Z^u 2 , such that T{ f ,(r') = T f M (r) and T s M ,(ri) = 0. If r G 31aux, then $¥ AUX = 
(^aux \ {r}) U {r', n}. Otherwise, 3?V X = 3W- 

After a finite number of applications of this procedure, starting from dt A ux = 0, 
we obtain a MBRS M' in normal form 6 and a finite set of rules ^' A ux- L e t M' = 
(3?', (3?i , . . • , 9^))- Now, let us consider the MBRS in normal form with n + 1 accepting 

5 Remember that we assume that sequential composition is right-associative. So, when we write t\.ti, 
then ti is either a single variable or a parallel composition of process terms. 

6 Note that we have not specified the label of the new rules, since it is not relevant. 
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components given by Mp = (3?', (9?'/\ • • . , 9?^, 3?' \ ^-'aux))- We can prove that, given a 
variable X G Uar and two sets K, G P n , there exists a (K, i^)-accepting infinite 
derivation in M from X if, and only if, there exists a (K U {n + 1}, U {n + l})-accepting 
infinite derivation in Mp from X. 

Conclusion 

In this paper we have stated decidability about generalized acceptance properties of 
infinite derivations in PRSs. Our result has an immediate application to the model- 
checking within a meaningful fragment of ALTL logic. In order to obtain this result we 
have used an approach different from classical automata-theoretic one. The reason is that 
PRSs are not closed under intersection with state finite (u-star-free) automaton pQ (and in 
fact model-checking for full ALTL is undecidable) . Future work should aim to extend our 
result to a larger fragment of ALTL. In particular, we are working on the ALTL fragment 
(closed under boolean operations) which uses the temporal operators G ("always") and F 
(" eventually") without restrictions (i.e. nested arbitrarily). 
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APPENDIX 



A Definitions and simple properties 

In this section we give some definitions and deduce simple properties that will be used in 
sections B-C for the proof of Lemmata I4.3H4.4I and Theorems I4.2H4.3I 

In the following Var denotes the set of variables Var U {Zp, Z^}, T denotes the set 
of terms in normal form over Var, and Tpar (resp., Tseq) the set of terms in T not 
containing sequential (resp., parallel) composition. 

Definition A.l. The set o/subterms of a term t gT, denoted by SubTerms(t) , is defined 
inductively as follows: 

• SubTerms(e) = {e}. 

• SubTerms(X) = {X}, for all X G Var. 

• SubTerms{X.t) = SubTerms(t) U {X.t}, for all X G Var and t G T \ {e}. 

• SubTerms{ti\\t2) = Urf t 1 ^s^ubTermsit^) U SubTerms{t' 2 )) U {tips}} 
with S = {{t[,t' 2 ) G T x T | t[,t' 2 e andt x \\t 2 = t' x \\t' 2 } andt u t 2 eT\{e} 7 . 

Definition A. 2. The set of terms obtained from a term t G T substituting an occurrence 
of a subterm st oft with a term t' G T, denoted by t[st — > t'], is defined inductively as 
follows: 

• t[t->f] = {t 1 }. 

• X.t[st -> if] = {X.s | s G t[st -> *']}, /or a// X G Var, t G T \ {e} and st G 
SubTerms(X.t) \ {X.t}. 

• h\\t 2 [st -> t'] = {*" ||*2 I (*i>*a) e TxT ^i^2 ^ £ > *i IK = *ill*2, s* G SubTerms{t\), 
t" G *i[s* -> tf]}, /or a// *i,t 2 ET\{e} and st G SubTerms(ti \\t 2 ) \ {t x \\t 2 }. 

Definition A. 3. For a term t G T , the set of terms SEQ(t) is the subset of Tseq \ {^} 
defined inductively as follows: 

• SEQ(e) = 0. 

• SEQ(X) = {X}, for all X G Var. 

• SEQ(X.t) = {X.t' | *' G SEQ(t)}, for all X G Var andteT\ {e}. 

• SEQfaWh) = SEQ(ti) U SEQ{t 2 ). 

7 Remember that we identify terms with their equivalence classes. In particular, t\ — t2 (resp., t\ ^ £2) 
is used to mean that t\ is equivalent (resp., not equivalent) to t2- 
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For a term t G T SE q \ {e} having the form t = Xi.X 2 . . . .X n .Y, we denote by last(t) 
the variable Y. Given two terms t,t' G T$eq \ {z}, with t = Xi.X 2 . . . ■ X n .Y and t' = 
X[.X 2 . . . . X' k .Y', we denote by tot the term X X .X 2 . . . . X n .X[.X' 2 .... X' k .Y'. Notice that 
t o t' is the only term in t[Y — > t'], and that the operation o on terms in Tseq \ {z} is 
associative. 

The proof of the following two Propositions is simple 
Proposition A.l. The following properties hold: 

1. If t =§>* t' and t G SubTerms(s) , for some s G T, then it holds s s' for all 
s' es[t-> ?]; 

2. If t 4>* is an infinite derivation in 3ft and t G SubTerms(s) , for some s G T, then it 
holds s =5-*. 

Proposition A. 2. Let 3ft 5 be a sequential PRS over Var. Ift,t' G T S eq \ {?} such that 
last{t) 4>* 5 t' , then it holds that 

1. tA^ s tot'; 

2. t" o t t"oto if for all t" G T SEQ \ {s}. 

Now, we give the notion of Interleaving of a (finite or infinite) sequence of rule sequences 
in a PRS 3ft'. In order to formalize this concept and facilitate the proof of some connected 
results, we redefine the notion of sequence rule. Precisely, a sequence rule in 3ft' can be 
seen as a mapping a : N' — > 3ft' where N' can be a generic subset of N. A rule sequence 
a' : N" -> 3ft' is a subsequence of a : N' -> 3ft' iff A" C N' and o"' = a\ N », that is a' is the 
restriction of a to the set A". For a rule sequence a : N' — > 3ft', we denote by pr(o~) the set 
A'. For a set N' C N we denote by min(N') the smallest element of A'. Given two rule 
sequences a and a', we say that they are disjoint if pr(a) fl pr(a') = 0. 
Let n G A \ {0} and (A^)^L be a sequence of elements in P n (where m G N U {oo}). Let 
us denote by ©^L Kh the element of P n given by {i\ for all j G A there exists a, h > j 
such that i G A^}. Evidently, if m is finite, then ©^L A^ is empty. 

Definition A. 4. Let (ph)h=o be a sequence of rule sequences in a PRS 3ft' (where m G 
AU{oo}). The Interleaving of(ph)™ =0 , denoted by Interleaving {{ph)h=o) > ^ s ^ e se ^ of rule 
sequences a in 3ft' such that there exists an injective mapping M a : Uhlo({M x P r i.Ph)) ~^ A 
(depending on a) satisfying the following properties (where A is the set [J™ =0 ({h} xpr(Ph))) 

• For all h = l,...,m and for all n,n' G pr'(Ph) with n < n' , then M a (h,n) < 
M a (h,n>); 

• pr(a) = M a (A); 

• for all (h,n) G A a(M a (h,n)) = Ph(n). 
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The proof of the following two Propositions is simple. 

Proposition A. 3. Let M' be a MBRS with support dt' , and (o~h)h=o be a sequence of rule 
sequences in 3?' (where meiVU Then, for all ir G Interleaving ((o h)h=o) we have 

1- =UL»Tjr(ofc). 

Proposition A. 4. Let a be a rule sequence in a PRS 3?' and (ph)h=o [where m G iVU{oo}) 
be a sequence of subsequences of a two by two disjoints and such that \Jh=oW(ph) = pr(a). 
Then, a G Interleaving((ph)™ =0 ) ■ 



B Proof of Lemmata 14.31 and 14.4 



Remark B.l. By construction, the following properties hold: 

• for all r G $tp AR T f K ^ (r) = T f K (r) and T f KKU (r) = 0. 

M PAR PAR M PAR,oo 

• for all r G n » ( r ) = T mM a ^ ^« (0 = 0- 

PAR 1VI PAR,oo 

• for all r = X K ^ G T ! f K,if- (0 = if and T{ k>ku (r) =F. 

1V1 PAR M PAR,aa 

The following lemma easily follows by the definition of sub derivation. 

Lemma B.l. Let t\\(X.s) be a derivation in 3?, and let s =>* be a subderivation of 
£||(X.s) from s. Then, one of the following conditions is satisfied: 



1. s is infinite and t a =^^- Moreover, ift\\(X.s) is in ^paroo' then also t °=£ * 

is m n P ^ i0O . 

2. s leads to e and the derivation t\\{X.s) =^ can be written in the form 

t\\{X.s) ^* R t'\\X^ 

where t =4-^ t' and o\ G Interleaving(X, a 1 ) . Moreover, ift\\(X.s) =5»* is in Tlp'^ Roo , 

>£t'\\X belonging to UpARoo- 



there is a derivation of the form t\\X 4>* t'\\X belonging to Tlf' h 



3. s leads to a term s' ^ e and t Ift\\(X.s) is in IIp^^, then also t * 

is in IIp^ . Moreover, if t\\(X.s) =5>* is finite and leads to t, then t = (X.s f )\\t' 



T <j\(7 f . 

where t * f 
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4- s leads to a variable W G Var and the derivation t\\(X.s) can be written in 
the form 

t\\(X.s) ^t>\\(X.W) \t'\\W'^ 



where r = X.W—*W' G t =^t' ando\ G Interleaving (X, a') . Moreover, ift\\(X.s) 
=5-* is in ^p'aroo) there is a derivation of the form t\\W 4>* belonging to 

L1 PAR,oo- 

B.l Proof of Lemma 14.31 

In order to prove Lemma f4. 31 we need the following Lemma. 

Lemma B.2. Let p t\\p' with p,p' G Tpar and T^ M (a) C K. Then, there exists a 
s G Tpar such that p 4>* K s\\p' with T{ / (a) = T "* mK (p), and s = e if t = e. 

^ PAR PAR 

Proof. The proof is by induction on the length of finite derivations p in 3? from terms 
in Tpar with Y{ f (cr) C K, and uses Lemma fB. 11 Properties 2-3 in the Definition of M RAR 
and Remark |B.ll For brevity, we omit it. □ 



Now, we can prove Lemma 14.31 Let p =>•* be a (K, K )-accepting non-null derivation 
in M belonging to n p ^ Roo , with p G T P ar, K C K and K C K u . We have to prove 

that there exists in "^,'ar a derivation of the form p 4>* K KU such that K K ^ (p) = K 

S P4S M PAR 

and T°° KtKU (p) U T-J KK „ (p) = K u . Moreover, if a is infinite, then p is either infinite 

MpAR MpAR,oo 

or contains some occurrence of rule in 9ftp^ \ ^par- At first, let us prove the following 
property 

A There exists a / G Tpar, a non empty finite rule sequence A in Kp^. , and a non empty 
subsequence rj (possibly infinite) of a such that min{pr(rj)) = min(pr(a)) (i.e. the 

first rule occurrence in r\ is the first rule occurrence in a), p =>■* KKW p', K . K ^(\) 

KpAR M PAR 



= T^ M (n), K ,K«> W — Ym(v)i P' an< ^ this derivation is in Ti^ Roo . Moreover, 

M PAR, oo " ' 

if a is infinite, then either a \ n is infinite or A is a rule in 3?p^ \ ^par- 
The derivation p can be rewritten as 

P\t^l (1) 



At first, let us assume that r is a PAR rule. In this case t G Tpar and r G ^-par ■ By 
Remark |B~T1 KtKU (r) = T f M (r), and T{ k>kw (r) = = T^(r). Moreover, t ^* is in 



1V1 PAR 1V1 PAR,oa 



^■p'aroo w hh a' = o~\r. Thus, since a' is infinite if a is infinite, property A follows, setting 
p' = t, A = r and n — r. If r is not a PAR rule, then r = Z-^Y.Z' (since p G Tpar) 
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for some Z, Y,Z' G Var and a G E. So, p = p"||Z and t = p"\\(Y.Z') with p" G Tp AR . 

From (1), let Z' =^>* be a subderivation of t = p"||(Y.Z') =^>* from Z'. By Lemma lB.ll we 
can distinguish four subcases. Since cases 2-4 (of Lemma fB. 1)1 are similar, for brevity, we 
consider only cases 1 and 4. 

Case 1: Z' 4>* is infinite, and p" *=^. Moreover, p" °=^* is in IIp^^. By the hypothesis, 
(T f M (u),r<£(u)) ± (if, if"), T f M (u) C if and Tg(i/) C if" Hence,' |T^(^)| + |TS(i/)| < 
\K\ + Moreover, r = Z^Y.Z' with X{ f (r) C if. By the definition of $lp> AR , it 

follows that r' = Z* 1 ^ Z^ G Rj^" \ ^ AR where if x = T f M (u) U T{ f (r) and iff = 
T^(i/). By Remark EU we have that T{ K .^(r') = i^ and T{ ^ (r') = iff. So, we 

PAR M PAR,oo 

have that p = p | 1 Z =>- K KW p | 1 Z^ . Moreover, p 1 1 Z^ =>• * and this derivation is in n p ^ R ^ . 



Since cr' \ v = a \ rv and T k,k u i r ') = ^Tii 11 ) = ^M( rz/ ); property A follows, setting 

M PAR,oo 

p' = p" || Zoo, A = r' and rj = rv. 



Case 4: Z' leads to a variable W G \^ar and the derivation p"\\(Y.Z') can be 
rewritten as p"\\(Y.Z') t'||(Y.VT) 4 R t'||W ^* with p" % f, r' = Y.W-^W and 
(7i G Interleaving^, a[). Moreover, p"||W =4-* t'|| W ^* and this derivation is in Llp^^. 
Since Z' 4>£ IV and X { f (i/) C if, by Lemma|R2]it follows that Z' ^ K W with T f MK ( X ) 

= T f M (u). Since r = ZAr.Z' G R and r' = Y.W^W G 9?, where T^(r) C if and T^(r') 



C if, by the definition of $lp AR it follows that r" = Z*W G $tf AR where if' = T 
U T m k (x) = r ^{t{ ri/r ') and ^ m k ( r ") = ' construction, r" G 3?p^ , and by 



Ai 



PAR 

Hetnai kfTmT' , , ir") = if' and X{ KtKU (r") = 0. Since a \ rvr' = a[a 2 , T^*,^ (r") 

A 'tpAR,co 



= = T^(r^r'), and is infinite if a is infinite, property A follows setting p' = p"||W, 
A = r" and 77 = rvr' . 

Therefore, Property A is satisfied. Since a\n is a subsequence of a, we have T{ f (cr \ 77) 
C if and T^(cr \ r]) C if 1 ^. Thus, if a 7^ 77 we can apply property A to the derivation 

p' =4>*. Repeating this reasoning it follows that there exists am G iVU{oo}, a sequence 
(P/i)/^ 1 °^ terms in T PA r, a sequence (A/ l )™ =0 of non empty finite rule sequences in 3?p^j , 
two sequences (&h)h=o an d (%)™=o °f 11011 em Pty rule sequences in 3? such that for all 
h = 0, . . . ,m 

1- P = Po and a = do- 

2. is a subsequence of 0^, min(pr(r]h)) = min{pr(ah)), and if h 7^ m then cr^+i = 
<?h \ Vh- 



3. p h Ph+i, T f MKtKU (X h ) = T f M (7] h ), T f M K, K » (Aft) = Tf^rih), and p h 



PAR, 00 
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4. If m is finite, then a m = rj m . If a is infinite, then either m is infinite or there exists 
an h such that A^ is a rule in 3?p^ \ ^par- 

By setting p = A0A1 ... we have that p KW . By Property 4 it follows that if a is 

infinite, then either p is infinite or p contains some occurrence of rule in 3?p^j \ ^-par- 
Let us assume that m = oo. The proof for m finite is simpler. By Properties 1-2 t]q,T]i, . . . 
are non empty subsequences of a two by two disjoints. Since a is infinite, we can assume 
that pr(a) = N. Now, let us show that 

5. a G Interleaving((r] h ) heN ) 

By Proposition IA.4I it suffices to prove that for all h G N there exists an % G iV such that 
/i G pr(r]i). By Property 2 it follows that for all h G iV min{pr(ah)) < min(pr(ah+i))- 
Let /i G iV, then there exists the smallest « G iV such that ft ^ pr(<Ji). Since cr = a, 
z > and ft G pr(o~i-i). Since cr, = ovi \ r^-i, ft ^ £>r(cr,;) and ft, G pr(<Ti_i), it follow that 
h G pr(j)i-\). Thus, Property 5 holds. By Properties 3, 5, and Proposition IA.3I it follows 
that T? KU {p) = \JheN T M^(^h) = U/ i6 tv T m(%) = T m( ct ) = K - Moreover, 

1V1 PAR PAR 

t~k.*w(p) u r f ( P ) = 0t' (a a ) u [jr f (\ h ) = 

PAR M PAR,oo PAR , V -' r M PAR,oo 

heN h£N 

0T{ f (^) U = TS(a) = iT. 

This concludes the proof. 
B.2 Proof of Lemma 14.41 

In order to prove Lemma f4.4l we need the following Lemma. 

Lemma B.3. Let p K p'\\p" with p,p' ,p" G Tpar, p' not containing occurrences of 

Zp and Zqo, and p" not containing occurrences of variables in Var. Then, there exists a 
t G T such that p =>*p'||£ with T* M {p) = T^ /K (a), and \p\ > if \a\ > 0. 

Proof. Let ^par \ 3? = { r i, ■ ■ ■ , r m}, where for alH = 1, . . . , m Ti is the 2-th rule added 
into $lpAR during the computation of algorithm of Lemma l4~Tl For all i = 1, . . . , m let us 
denote by Mp A l R (with support ^>ar) the parallel MBRS Mp AR soon before the rule is 
added during the computation. Then, it suffices to prove that the following two properties 
are satisfied: 

1. Let p =§>* K . p'\\p" with p, p', p" G Tpar, p' not containing occurrences of Z F and Z^, 

^PAR 

and p" not containing occurrences of variables in Var. Then, there exists a t G T 
such that p =>xP'\\t w hh T M (p) = T{ K>i (a), and \p\ > if \a\ > 0. 

PAR 
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K' 

2. If Ti = X^Y with Y G Var (resp., Y = Zp), then there exists a derivation of the 
form X Y (resp., X t for some term t) such that T^ M (n) = if' and |r/| > 0. 

The proof is by induction on % (for the base step it is suffices observe that Mp^ R = Mp 
where Mp is the restriction of M to the PAR rules). For the inductive step Property 1 can 
be easily proved by induction on a, while Property 2 follows immediately by Property 1 
and algorithm of Lemma 14.11 □ 

In order to prove lemma 14.41 we use a mapping for coding pairs of integers by single 
integers. In particular, we consider the following bijective mapping from N x N to N [?} 

< >: (x,y) E N x N —> 2 x (2y + 1) - 1 

Let £ (resp. p) be the first (resp., second) component of < > _1 . Then, 

1. for all x,y <E N £(<x, y>) = x and p(<x, y>) = y, 

2. for all z G N <£(z), p{z)> = z, 

3. for all z G N £(z),p(z) < z, 

4. for all z, z' G N if z > z' and £(z) = £(z') then p(z) > p(z'). 
Now, we introduce a new function next : N x N ^ N x N defined as 

next(x, 0) = (x, 0) 
(£(y), p{y) + 1) if next(x, y) = (£(y), p(y)) 



±i i\ ( My), p{y) + 1) iinext(x,', 
next(x,y + I) = < K V 1 ^ . 

I next{x } y) otherwise 



For all x,y & N let us denote by next x (y) the second component of next(x,y). The 
following lemma establishes some properties of next. The proof is simple. 

Lemma B.4. The function next satisfies the following properties: 

1. For all x,y G iV if y < x then next(x, y) = (x, 0). 

2. For all x,y <E N next(x, y) = (x, z x>y ) for some z x>y G N. 

3. For all x,y G N next x (y) < next x (y + 1). 

4- Let x,yi,y2 G iV with next x {y\) < next x [y2). Then, there exists a k & N such that 
next(x, k) = (£(k), p(k)), p{k) = next x (y 2 ) — 1 and y\ < k < y 2 . 

5. For all x,n & N there exists a y G N such that next(x, y) = (x, n). 

6. For all x E N next(£(x),x) = (£(x),p(x)). 

7. For all x,i G iV if i ^ £(x) then next(i, x + 1) = next(i, x) . 
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Now, we can prove Lemma f4. 41 Let p =§>* K KhJ with p G Tpar- We have to prove that 

PAR 

* such that T f M (5) = T f . 



there exists in 3ft a derivation of the form p =>•* such that T{ f (5) = KKU (a) and T^(S) 



1 PAR 

= T°° KiK u>(a) U KK u (a). Moreover, if a is either infinite or contains some occurrence 

PAR ' M PAR, oo 

of rule in 3ftp^, \ Sftp^p, then 5 is infinite. 

Let A be the subsequence of a containing all, and only, the occurrences of rules in 3ftp^j \ 
31 par- Let us assume that A is infinite. The proof for A finite (and possibly empty) is 
simpler. Now, A = r Q r 1 r 2 . . ., where for all h G iV r h G 3ftp^. \ 3tp AR . Moreover, a can 
be written in the form po^oPi r iP2^2 • • where a \ A = P0P1P2 • • • and for all h G N ph is a 
finite rule sequence (possibly empty) in 3tp A p- F° r all h E N we denote by a h the suffix of 
a given by Ph r hPh+i r h+i ■ ■ ■■ Now, we prove that there exists a sequence of terms in T P ar, 
(Ph)heN, a sequence of variables (X h ) heN and a sequence of terms (th)heN such that for all 
heN: 

i- Po = P, 

K PAR 

iii. p fe with T f M (r] h ) = T f KtK »(ph), 

PAR 

iv. X h ^* with ir h infinite, T f M (n h ) = T f K>K „{r h ) and Tj£(n h ) = T f (r h ). 

JW PAii M PAR, 00 

Setting po = P, property ii is satisfied for h = 0. So, let us assume that the statement 
is true for all h = 0, . . . , k. Then, it suffices to prove that 



A. there exists a Pk+i G Tpar, a term and a variable X k such that pk Pk+i\\tk\\Xk, 
Pk+i =^ K K u > and Xh =j>- R with 7Tfc infinite. Moreover, Y M (r] k ) = T K K ^ 

U PAR PAR 

= T{ , KlK »(r k ) and T^(7r fc ) = T{ kku (r k ). 

PAR M PAR,oo 

By the inductive hypothesis we have pu K KU , that can be written as 



Pk^* KKU p'\\p"\\x\ kk .p'\\p"\\z, 



T k+i 



K,K" r \\f ll^oo — ' K,K U 
PAR 



K' K' w * 

where r k = X Zoo with X G \^ar and K , i^ /a; G P n . Moreover, p does not contain 
occurrences of Zp and Zoo, and p" doesn't contain occurrences of variables in Var. By the 
definition of 9ftp^p_ we have X ^* with 7r fc infinite, T{ 4 (7r k ) = K' and T^(7Tfc) = fT /a; . By 
Remark fB.ll we have KK w(r^) = if and K KU1 (r k ) = K' w . Since the left-hand side of 



v iv/ -- - M K,K>» 

1V1 PAR 1V1 PAR, 00 



fc+1 



each rule in 9ftp^p does not contain occurrences of Zp and Z^, it follows that p' °=>- * K 
Since p k is a rule sequence in 9ft p AR , by Lemma IB. 31 it follows that p^ =4-* for some 
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term t and Y f M (r) k ) = T f K (p k ). By Remark|Bj]we deduce that T f M (n k ) = T{ k ku (p k ). 

1V1 PAR PAR 

So, property A follows, setting p k+1 = p', t k = t and X k = X. Thus, Properties i-iv are 
satisfied. 

For all h G N the infinite derivation ^* can be written as 

S(h,o) => K S(h,i) => u S( h>2 )... (I) 

where s^o) = X h and for all G iV w G 9ft. For all k, h G iV we denote by the rule 
r {i{k),p(k))i an d by Sh{k) the term s next / h>k y Now, we show that for all k G iV 



p fc+ i||to||...||tfc||s (A;)||si(A;)||...||5fc(A;) 



Pk+2\\t \\. . .\\t k \\t k+1 \\s (k + l)\\ Sl (k + 1)||. . .\\s k+1 (k + 1) (2) 

By Lemma TB.4I it follows that s k (k) = s next ( ktk ) = s^o) = X k . So, by Property iii we 
deduce that 

p fe+1 ||i ||...||4|| So (A;)|| Sl (A ; )||...|| Sfe (A ; )^ 1 * 
Pk+2\\to\\- ■ .\\t k \\t k+1 \\s {k)\\si(k)\\. . .||s fc (A;)||s fe+ i(A; + 1) (3) 

So, in order to obtain (2) it suffices to prove that 

s (k)\\ Sl (k)\\. ..\\s k (k) \ s (k + l)\\ Sl (k + . .\\s k (k + 1) (4) 

By Property 6 of Lemma |B.4I for all k G N next(£(k),k) = (£(k),p(k)). Moreover, 

next(£(k), k + 1) = (£(k), p(k) + 1). Therefore, s m (k) = s {mMk)) \ sy(k),p(k)+i) = 
st(k){k + 1). By Property 7 of Lemma IB. 41 for all i ^ £(k) next{i, k + 1) — next(i, k). So, 
for all i 7^ £(k) Si(k + 1) = Si(k). Since £{k) < k, we obtain evidently (4). So, (2) is satisfied 
for all k G N. Moreover, since so(0) = Xq, we have 

P = Po =^bPi||*o||so(0) (5) 

Setting 5 = ^o?7i^o^2^i 7 73^2 ■ ■ •, from (2) and (5) we obtain that p 4>* with 5 infinite. There- 
fore, it remains to prove that T^(<5) = K KUJ (a) and T^(<5) = Y°° KtK w (a) U K KU (cr). 

M PAR ' PAR M PAR,oo 

Let p = r rir 2 . . .. Evidently, p G Interleaving ((7ih) heN) ■ By Properties iii-iv, Proposition 
IA.31 and remembering that a = Po r oPi r i • • •, we obtain 



heN heN PAR h£N 

\JY[ {p h ) U \jT f (r h ) = T f (a). 

fcii PAR h^N 



By Remark lB.ll for all r G ^par ^ KiK w (r) = 0. Remembering that A = r rir 2 . . ., by 

MpAR,oo 

Properties iii-iv and Proposition IA.3I we obtain 

TS(*) = 0T{ f ( % ) U TSO*) = ©T^(p ft ) U |J T mK) U ©T&fa) = 

heN h&N PAR h&N h£N 
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T£*.*-(<r\A) U [jT f . (r h ) U ©T' (r k ) 
T^(a\A) U T' (a) U T^(A) = T£*,K-(a) U (a). 

PAR M PAR,ao IV1 PAR PAR 

This concludes the proof. 



C Proof of Theorems 14.21 and 14.3 



In order to prove Theorems 14.21 and 14.31 we need the following lemmata IC. lMHTSI 
Remark C.l. By construction the following properties hold 
. for allre^n M§ EQ T f M {r) = T[ [K 



l SEQ 

/v '> e w,;vo \ 1 



for all r = X^Y E M« EQ \ 3? T f MK (r) = K> 



Lemma C.l. Let t, t' E Tseq and s be any term in T such that t E SEQ(s). The following 
results hold 

1. Ift=k> K t' with r E ^seq> then there exists a s' E T with t' E SEQ(s') such that s 
s' , with T{f(a) = T{ k (r) and \a\ > 0. 

SEQ 



2. Ift =?>* K t' with t ^ e, then there exists a s' E T with t' E SEQ(s') such that s 
s' , with T* M {p) = (a), and \p\ > if \a\ > 0. 



J SEQ 



3. Ift K is a (K^K^)- accepting infinite derivation in Mg EQ from t E T S eq, then 

^SEQ 

there exists a (K^K^)- accepting infinite derivation in M from s. 
Proof. At first, we prove Property 1. There are two cases: 

• r = Y^Z X .Z 2 E 3?. By Remark RTTI T f M (r) = T f K (r). Since t E SEQ(s) and t 



SEQ 



M SEQ 



t', we deduce that there exists a s' E s[Y — > Z±.Z 2 ] such that t! E SEQ(s'). 



Since Y => n Z\.Z 2 , by Proposition lA.il it follows that s =^ s'. Therefore, Property 1 
is satisfied. 



r = Y^Z with Y, Z E Var, T f MK (r) = K', last(t) = Y and last(t') = Z. By 

S EQ 

the definition of ^seq there exists a derivation in 3?p^# °f the form Y =^* K p\\Z 



for some p E Tpar, with T mK (a) = T mK (r) and \a\ > 0. By Lemma lB.31 there 



X PAR 



M 



SEQ 



exists a term st such that Y 4>* st\\Z with T M (p) = T ** MK (a) and |p| > 0. So 
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^m(p) = ^ mk ( r )- Since t G SEQ(s) and t =^> „ t', we deduce that there exists a 

" M SEQ iR SEQ 

s' G s[Y -> si||Z] such that t' G SEQ(s'). Since K 4>£ s*||Z, by Proposition [Owe 
conclude that s =§»* s' with \p\ > 0. Thus, Property 1 is satisfied. 

Property 2 can be easily proved by induction on the length of a, and using Property 1. 
Finally, Property 3 easily follows from Property 1 and Proposition IA. 31 □ 

The following definition introduces the notion of level of application of a rule in a derivation: 



Definition C.l. Let t => K t! be a single-step derivation in 3? with t G T . We say that r is 
applicable at level in t =\ t' , if t = t\\s, t' = t\\s' (for some t, s, s' G T), and r = s—*s', 
for some a G E. 

We say that r is applicable at level k > in t =^ t' , if t = t\\(X.s), t! = t\\(X.s') (for 
some t,s,s' G T), s =\ s' , and r is applicable at level k — 1 in s => n s'. 

The level of application of r in t => K t' is the greatest level of applicability of r in t =^ 

f. 

The definition above extends in the obvious way to n-step derivations and to infinite 
derivations. 

Lemma C.2. Let i G K , X G Var and X =?>* be a (K, K w )- accepting infinite derivation 
in M from X. Then, one of the following conditions is satisfied: 

1. There exists a variable Y G Var reachable from X in ^seq through a (K',0)- 
accepting derivation in M^ E q with K' C K, and there exists a derivation Y K KU 

^PAR 

such that T K K u (p) =KandT°° K , ^(p)UT^ 

. K (p) — K u . Moreover, p is either 

PAR PAR M PAR,oo 

infinite or contains some occurrence of rule in ^>'ar \ ^par- 

2. There exists a variable Y G Var reachable from X in 3tg E Q through a (7^,0)- 
accepting derivation in Mcf E n with {i} C Ki C K, and there exists a (K^K^ 3 )- 
accepting infinite derivation in M from Y . 

Proof. The proof is by induction on the level k of application of the first occurrence of a 
rule r of in a (K, i^ w )-accepting infinite derivation in M from a variable. If X is in 
^■par oo' by Lemma E~31 Property 1 follows, setting Y — X. Otherwise, it is easy to deduce 
that the derivation X =>■* can be written in the form 

X Q*t\\Z 4> K t\\W.Z' ^* 

where r' = Z—*W.Z' (with W, Z, Z' G Var), and there exists a subderivation of t\\W.Z' =1-* 

from Z', namely Z' =!■*, that is a (K, /^-accepting infinite derivation in M. 

Base Step: k = 0. In this case r must occur in the rule sequence air' '(o~2\a' 2 ) . By Lemma 

IB. 11 we have t =V 2 1 Therefore, there exists a derivation of the form X A&t'\\Z =^t'\\W.Z' 
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with {i} C Tj^(Ar') C if. By Lemma EH applied to the derivation X =>-* t'\\Z, there 
exists aj) 6 Tp^R such that I 4>* K £>||Z, with T{ k (p) = Y{ f (A). By the definition of 

^PAR PAR 

3?f EQ we have that X ^* Z 4 K WZ', with (p) = (p) and T^ K (r') 

^ *SBQ W SEQ SEQ 1U PAR 1V1 SEQ 

= T^-(r'). Therefore, Y^ /Jf (pr') = T{ / (Ar / ). Thus, variable Z 7 is reachable from X in 

^seq through a (ifi, 0)-accepting derivation in Mg EQ with {2} C K± C if, and there exists 
a (if, if w )-accepting infinite derivation in M from Z'. This is exactly what Property 2 
states. 

Induction Step: k > 0. If the rule sequence o" 1 r / (a 2 \ a^) contains some occurrence of r, 
then the thesis follows by reasoning as in the base step. Otherwise, a' 2 contains the first 
occurrence of r in a. Clearly, this occurrence is the first occurrence of a rule of $lf in the 

(if, if "-^-accepting infinite derivation Z' =£■*, and it is applied at level k' in Z' with 

k' < k. By inductive hypothesis, the thesis holds for the derivation Z' =^*. Therefore, it 
suffices to prove that Z' is reachable from X in ^s E q through a (if', 0)-accepting derivation 
in Mg E Q with if' C if. By Lemma fB. 21 applied to the derivation X ^* t\\Z, there exists 
ap 6 TpAi? such that I 4-* p||Z with T{ k (p) = T[Aoi) C if. By the definition of 

^f EQ we obtain that X A* Z 4 K W.Z' with T{ [K (p) = (p) and (r') 

SEQ SEQ 1V1 SEQ PAR SEQ 

= T M (r') C if. So, T{ x (/•""') ^ K. This concludes the proof. □ 

' SEQ 

Lemma C.3. Let X £ Var and X =?>* be a (K, K^)- accepting infinite derivation in M 
from X . Then, one of the following conditions is satisfied: 

1. There exists a variable Y G Var reachable from X in ^seq through a (if',0)- 
accepting derivation in M^ E q with if' C K , and there exists a derivation Y KKW 

n PAR 

such that Y ^ K KU (p) = if and T°° K ^ (p) U KJi ^ (p) = K u . Moreover, p is either 

M PAR PAR M PAR,aa 

infinite or contains some occurrence of rule in ^>'ar \ ^par- 



2. There exists a variable Y e Var reachable from X in ^t^ E q through a (if, 0) -accepting 
derivation in M^ E q, and there exists a (if, K w )~ accepting infinite derivation in M 
from Y . 

Proof. It suffices to prove that, assuming that Property 1 is not satisfied, Property 2 must 
hold. If \K\ = 0, property 2 is obviously satisfied. So, let us assume that \K\ > 0. Let 
K = {h, ■ ■ ■ J\k\}, and for all p = 1,...,\K\ let K p = {ji,...,j p }. Let us prove by 
induction on p that the following property is satisfied : 

A There exists a variable Y reachable from X in ^seq through a (if', 0)-accepting deriva- 
tion in Mg E Q with K p C if' C if, and there exists a (if, if w )-accepting infinite 
derivation in M from Y. 
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Base Step: p = 1. Considering that Property 1 isn't satisfied, the result follows from 
Lemma IC.2l setting i = j\. 

Induction Step: 1 < p < \K\. By the inductive hypothesis there exists at 6 T$eq \ {z} 
such that I 4-* t with K p _i C T{ K (p) C K, and there exists a (if, if^-accepting 

R S£Q M SEQ 

infinite derivation in M of the form last(t) =^*. By Lemma [C.2j applied to the derivation 
last(t) =^-*, and considering that Property 1 is not satisfied, it follows that there exists a 
t G Tseq \ {z} such that Zast(t) 4>* K t with {j p } C T{, K (p) C if, and there exists a 

SEQ SEQ 

(if, if^)-accepting infinite derivation in M from last(t). So, we have X =£* K tot with 

^SEQ 

K p C T{ k (pp) C if. Therefore, Property A follows, setting K = last(t). 

SEQ 

By property A, the thesis follows. □ 
C.l Proof of Theorem HH 

(=0 Since X ^ if" and if D if w , it follows that if D if w . Let d = X £■* be a (if, if w )- 
accepting infinite derivation in M from X. Evidently, K\K^ = {i G {1, . . . , n}| a contains 
a finite non-null number of occurrences of rules in 3lf}. Then, for all i G K \ K w it is 
defined the greatest application level, denoted by hi(d), of occurrences of rules of in 
the derivation d. The proof is by induction on maXi E K\K^{hi(d)}. 

Base Step: maXi e K\K u {hi(d)} = 0. In this case each subderivation of d = X does not 
contain occurrences of rules in \J ieK \ K u Stf- So, d belongs to ILp^^. Then, by Lemma 
14.31 we obtain the assertion setting Y — X. 

Induction Step: maxi e K\K" {hi(d)} > 0. If d = X =§>* is in IIp^,^, by Lemma f4. 31 we 
obtain the assertion setting Y — X. Otherwise, it is easy to deduce that the derivation X 
=K£ can be written in the form 

X ^ m t\\z \t\\w.z' 

where r = Z—A/V.Z' (with W, Z, Z' G Var), and there exists a subderivation of t\\W.Z' 

from Z\ namely d! = Z' =4-*, that is a (if, if ^-accepting infinite derivation in M. Evi- 
dently, max i€ K\K" {hi(d')} < max i£ K\K^{hi(d)} . By inductive hypothesis, the thesis holds 
for the derivation d' . Therefore, it suffices to prove that Z' is reachable from X in dtg E g 
through a (if', 0)-accepting derivation in M$ E q with K' C K. By Lemma [B.2[ applied to 

the derivation X t\\Z where T^(o"i) C K, there exists a p G Tpar such that X ^* K 

X PAR 

p\\Z with T{ k (pi) = T^ f ((T 1 ). By the definition of ^seo we obtain that X =h-* K Z 

PAR. " W ^SEQ 

\ K W.Z>, with T' ( 7 ) = T{ IK ( Pl ) and T' (r) = T^(r) C if. So, T' ( T r) 

™SEQ 1V1 SEQ PAR m SEQ m SEQ 

C K. Therefore, the thesis holds. 



=) By the hypothesis we have 
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1.14' t with t G T SE q \ {s}, last{t) = Y and T f .. K (A) C if. 

SEQ 1V1 SEQ 



2. Y A* KKUJ with T{ „(p) = if and „(p) U X{ „ (p) = if". Moreover, p 

PAR PAR PAR 1VI PAR,ao 

is either infinite or contains some occurrence of rule in Jip^j \ ^par- 

Since X G SEQ(X), by condition 1 and Lemma [C.l| it follows that there exists a s G T 
such that i G SEQ(s) and X =^>* s with T M {rj) C X. By condition 2 and Lemma 14.41 it 
follows that there exists a (if, if w )-accepting infinite derivation in M of the form Y =>■*. 
Since y G SubTerms(s), by Proposition IA. II we have that s =>£. After all, we obtain X 
s ~^sfit that is a (if, if w )-accepting infinite derivation in M from X. This concludes the 
proof. 

C.2 Proof of Theorem H31 

(=>•) It suffices to prove that, assuming that condition 1 (in the enunciation) does not hold, 
condition 2 must hold. Under this hypothesis, we show that there exists a sequence of 
terms (th)heN in Tseq \ {z} satisfying the following properties for all h G N: 

i. t = X, 

ii. last(t h ) ^* t h +i with T f K (p h ) = if, 

SEQ SEQ 

iii. there exists a (if, if")-accepting infinite derivation in M from last(th), 



iv. last(th) is reachable from X in ^Rf^Q through a (X', 0)-accepting derivation in M$ E q 
with X' C /\'. 

For h = properties iii and iv are satisfied, by setting to — X. So, assume the existence of 
a finite sequence of terms to, h, ■ ■ ■ ,th m Tseq \ {^} satisfying properties i-iv. It suffices to 
prove that there exists a term th+i in Tseq\{z} satisfying iii and iv, and such that last(th) 
^* „ th+i with T{, K (ph) = if. By the inductive hypothesis, lastith) is reachable from 

X SEQ SEQ 

X in 3tg E n through a (if', 0)-accepting derivation in Mg E Q with if' C X, and there exists 
a (if, if^-accepting infinite derivation in M from last(th). By Lemma ICJ.3I applied to 
variable last(th), and the fact that condition 1 does not hold, it follows that there exists 
a term t G Tseq \ {^} such that lastfth) K t with T{ K (ph) = if, and there exists 

SX SEQ SEQ 

a (if, if ^-accepting infinite derivation in M from last(t). Since last(th) is reachable from 
X in 9?5£Q through a (if', 0)-accepting derivation in Mg E g with if' C if, it follows that 
last(t) is reachable from X in ^seq through a (if, 0)-accepting derivation in Mg E Q. Thus, 
setting th+i = t, we obtain the result. 

Let (th)heN be the sequence of terms in Tseq \ {?} satisfying properties i-iv. Since in this 
case | if | > (remember that |if | + \K W \ > 0), we have \ph\ > for all h G N. Then, by 
Proposition IA.2I we obtain that for all h G N 

t Q otiO. . .ot h A* t otio. . .ot h ot h+ i 



SEQ 
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Therefore, 

£2* 4- £1* + f £2* p Ar 1 * 

1 2 „k • • • j, 

X SEQ •* 



SEQ X SEQ X SEQ SEQ 



=£-*K toOtiO. . .ot h ot h+ i 

-"SEQ -"SEQ 



is an infinite derivation in ^Rf^Q fr° m -X"- Setting 5 = p Pi • • •> from ii and Proposition IA.3I 
we obtain that T^(<5) = U^l^fA) = K and T£ &q (<5) = heJV T^(p fc ) = K 
= K u . Hence, condition 2 (in the enunciation) holds. 

(<S=) At first, let us assume that condition 2 holds. Then, since X e SEQ(X), the result 
follows directly by Lemma fC. II Assume that condition 1 holds instead. Then, we reason 
as in the proof of Theorem 14.21 
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